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Abstract. We derive second order estimates for χ-plurisubharmonic solutions
of complex Hessian equations with right hand side depending on the gradient
on compact Hermitian manifolds.
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1. Introduction
Let (M,ω) be a compact complex manifold of complex dimension n ≥ 2. For
any smooth function u ∈ C∞(M), let χ(z, u) be a smooth real (1,1) form onM and
ψ(z, v, u) ∈ C∞
((
T 1,0(M)
)∗ × R) be a positive function. The following equation
which we shall call it the complex Hessian equation:
(1.1) (χ(z, u) +
√−1∂∂u)k ∧ ωn−k = ψ(z,Du, u)ωn,
for 1 ≤ k ≤ n, can be viewed as an intermediate equation between the Laplace
equation (k = 1) and the complex Monge-Ampe`re equation (k = n), where D is
the covariant derivative with respect to the given metric ω.
A function u ∈ C2(M) is called admissible if g = χ(z, u) +√−1∂∂u ∈ Γk(M).
We formally define Γk(M) in (2.3). In particular, u is called χ-plurisubharmonic
if g = χ(z, u) +
√−1∂∂u > 0 (i.e. g ∈ Γn(M)). When k = 1, (1.1) is just
a quasilinear equation which is well understood. Otherwise, it is fully nonlinear
and a natural approach to solve (1.1) is the continuity method which reduces the
solvability to a priori estimates of solutions up to the second order. Higher order
estimates follow from Evans-Krylov theory and Schauder estimate, which was done
by Tosatti, Wang, Weinkove and Yang [40]. Note that Tian [36] presented a new
proof of the C2,α estimates (for real and complex Monge-Ampe`re equations), which
not only weakens the regularity assumptions on ψ(z) but also can be applied to
more general nonlinear elliptic systems. In [37], Tian extended his method to the
conic case. In this paper, we are mainly concerned with the second order estimate
of (1.1).
On compact Ka¨hler manifolds, the existence and regularity theory for complex
Monge-Ampe`re equations has been studied for a long time since Yau proved the
Calabi conjecture in [45], where he also studied the case when the right-hand side
may degenerate or have poles. Later after that, Cheng-Yau [5], Kobayashi [23]
and Tian-Yau [38] [39] generalized the conjecture to complete noncompact Ka¨hler
manifolds. We refer the readers to a survey on complex Monge-Ampe`re equations
by Phong-Song-Sturm [30]. The complex Hessian equation was first considered on
domains in Cn by Li [25], then by Blocki [3]. On compact Ka¨hler manifolds, Hou
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[20] and Jbilou [22] proved the existence of a smooth admissible solution of (1.1)
independently when χ = ω and ψ = ψ(z) by assuming the nonnegativity of the
holomorphic bisectional curvature of ω. This curvature assumption was removed
in the work of Hou-Ma-Wu [21] and Dinew-Ko lodziej [11]. The complex Hessian
equation also appears in many geometric problems, such as the J-flow studied by
Song-Weinkove [31] and quaternionic geometry by Alekser-Verbitsky [1].
There has been growing interest in extending the above results to non-Ka¨hler
settings. For the complex Monge-Ampe`re equation, it was solved by the work of
Cherrier [6] and Tosatti-Weinkove [41] [42] on Hermitian manifolds, as well as by
Chu-Tosatti-Weinkove [10] on almost Hermitian manifolds. The related Dirichlet
problem was studied by Guan-Li [17]. Zhang [48] solved the equation (1.1) on
compact Hermitian manifolds when χ = ω and ψ = ψ(z). Chu, Huang, and Zhu [9]
obtained the second order estimate with k = 2 on an almost Hermitian manifold.
See also Sun [32] [33] and Sze´kelyhidi [34] for some other equations.
When ψ = ψ(z,Du, u), (1.1) has been much less studied so far. Actually, it is
still an open problem even for the real counterparts of (1.1) to derive a second order
estimate. Recently, Guan-Ren-Wang [19] solved this problem for convex solutions.
Borrowing the idea in [19] and adapting the techniques developed by Li-Ren-Wang
[24] for real Hessian equations, Phong, Picard and Zhang [26] obtained the second
order estimate for χ-plurisubharmonic solutions of (1.1) on Ka¨hler manifolds. In
this paper, motivated by [26], we study (1.1) on compact Hermitian manifolds and
derive the second order estimate for χ-plurisubharmonic solutions. Our main result
is stated as follows.
Theorem 1.1. Let (M,ω) be a compact Hermitian manifold of complex dimension
n. Suppose u ∈ C4(M) is a χ-plurisubharmonic solution of (1.1) and χ(z, u) ≥ εω.
Then we have the uniform second order derivative estimate
(1.2) |DDu|ω ≤ C,
where C is a uniform constant depending only on (M,ω), ε, n, k, χ, ψ, supM |u|,
supM |Du|.
Remark 1.2. The above estimate can be stated for g ∈ Γk+1, see the remark after
Theorem 1 and Remark 2 in [26]. An interesting question is to derive the estimate
with the more natural elliptic condition g ∈ Γk. If k = n, χ-plurisubharmonic is
already the natural assumption for ellipticity of (1.1). So our result generalizes the
estimate for Monge-Ampe`re equations on compact Hermitian manifolds. If k = 2,
the estimate was derived without the plurisubharmonicity assumption, see [9].
An important case of (1.1) with ψ depending on Du is the Fu-Yau equation.
As a reduced version of generalized Strominger system in higher dimensions, Fu
and Yau in [13] introduced a fully nonlinear equation which can be rewritten as a
σ2-type equation with specific right hand side ψ(z,Du, u). When n = 2, the Fu-
Yau equation is equivalent to the Strominger system on a toric fibration over a K3
surface constructed by Goldstein and Prokushki [15], which was solved by Fu and
Yau in [13, 14]. For higher dimension n, the corresponding problem on compact
Ka¨hler or Hermitian manifolds has been well studied, see [27, 28, 7, 29, 8].
The dependence on the gradient of u in (1.1) creates substantial new difficulties,
due to the appearance of terms such as |DDu|2 and |DDu|2 when one differentiates
the equation twice. A consequence of this is that we cannot control the bad third
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order terms straightly as in Guan-Jiao [16]. Furthermore, it is made more difficult
by the differences between the real case and the complex case to control the negative
third order terms due to complex conjugacy. The differences can be seen right
through the definition of third order terms in Section 3 that the good terms “B”
and “D” compared with those in [19] get doubled in the real case. These are
the main difficulties that have been overcome in [26] on Ka¨hler manifolds. In the
Hermitian case, there are more bad terms from the appearance of the form T ∗D3u,
where T is the torsion of ω and D3u represents the third derivatives of the solution
u. To control these terms, we modify the auxiliary function. This gives us a little
more good third order terms which are sufficient to push the argument through.
Many authors are attracted by some other fully nonlinear equations involving
gradient terms. In contrast to the equation (1.1), those gradient terms appear
together with the Hessian of the solution, that is they are in χ. For exmaple,
some related equations were solved by Sze´kelyhidi-Tosatti-Weinkove in their work
on the Gauduchon conjecture [35], and see Guan-Nie [18] for related work. Also,
see a recent work by Tosatti-Weinkove [44] where they solved the complex Monge-
Ampe`re-type equation with gradient terms left open by Yuan [46]. Very recently,
Yuan informed the authors that he solved the same problem as in [44]. Moreover,
he studied the Dirichlet problem of more general fully nonlinear equations on Her-
mitian manifolds in [47]. When χ may depend on the gradient of u in (1.1), Zhang
[49] studied the gradient estimate and Feng-Ge-Zheng [12] derived the second order
estimate. Our method here can also deal with such extra gradient terms. Suppose
a is a smooth (1, 0)-form on M . Let
(1.3) g˜ = χ˜(z, u,Du) +
√−1∂∂u,
where χ˜(z, u,Du) = χ(z, u) +
√−1a ∧ ∂u−√−1a ∧ ∂u, and consider the equation
(1.4) g˜k ∧ ωn−k = ψ(z,Du, u)ωn,
for 1 ≤ k ≤ n. In analogy to Theorem 1.1, we have the following result.
Theorem 1.3. Let (M,ω) be a compact Hermitian manifold of complex dimension
n. Suppose u ∈ C4(M) is a χ˜-plurisubharmonic solution of (1.4) and χ(z, u) ≥ εω.
Then we have the uniform second order derivative estimate
(1.5) |DDu|ω ≤ C,
where C is a uniform constant depending only on (M,ω), ε, n, k, χ, ψ, a, supM |u|,
supM |Du|.
Remark 1.4. If ψ does not depend on Du, one can get the above estimate for
admissible solutions by estimating the largest eigenvalue of g˜ as in [34].
The rest of the paper is organized as follows. In Section 2, we introduce some
notations and calculations. We prove Theorem 1.1 in Section 3 and give an outline
of the proof of Theorem 1.3 in Section 4.
Acknowledgements: The second named author would like to thank his advisor
Prof. Gang Tian for constant encouragement and support. This paper was done
while both authors were visiting Rutgers, The State University of New Jersey.
Both authors would like to thank the department of mathematics for the warm
hospitality. The first named author’s visiting is supported by the China Scholarship
Council (File No.201806255014). The first named author is also partially supported
by a NSFC grant No.11801405.
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2. Preliminaries
To be more clear, we shall rewrite the equation (1.1) in local coordinates. First,
we introduce some notations. For λ = (λ1, · · · , λn) ∈ Rn, the k-th elementary
symmetric function is defined by σk(λ) =
∑
λi1λi2 · · ·λik , where the sum is over
{1 ≤ i1 < · · · < ik ≤ n}. Define the cone Γk by
(2.1) Γk := {λ ∈ Rn : σj(λ) > 0, j = 1, · · · , k} .
It was shown in [4] that Γk is an open convex symmetric cone in R
n. Let λ(aij)
denote the eigenvalues of a Hermitian symmetric matrix (aij). Define σk(aij) =
σk(λ(aij)). This definition can be naturally extended to complex manifolds. Let
A1,1(M) be the space of smooth real (1, 1)-forms on (M,ω). For any h ∈ A1,1(M),
define
(2.2) σk(h) =
(
n
k
)
hk ∧ ωn−k
ωn
.
Now, Γk can be defined on M as follows
(2.3) Γk(M) :=
{
h ∈ A1,1 (M,Rn) : σj(h) > 0, j = 1, · · · , k
}
.
For a function u ∈ C∞(M), we denote
(2.4) g = χ(z, u) +
√−1∂∂u.
With the above notation, in local coordinates, (1.1) can be rewritten as follows:
(2.5) σk(g) = σk
(
χij + uij
)
= ψ(z,Du, u).
Recall that if F (A) = f(λ1, . . . , λn) is a symmetric function of the eigenvalues of
a Hermitian matrix A = (aij), then at a diagonal matrixA with distinct eigenvalues,
we have (see [2]),
F ij = δijfi,(2.6)
F ij,rswijkwrsk =
∑
fijwiikwjjk +
∑
p6=q
fp − fq
λp − λq |wpqk|
2,(2.7)
where F ij = ∂F∂aij
, F ij,rs = ∂
2F
∂aij∂ars
, and wijk is an arbitrary tensor.
In local complex coordinates (z1, . . . , zn), the subscripts of a function u always
denote the covariant derivatives of u with respect to ω in the directions of the local
frame
(
∂/∂z1, . . . , ∂/∂zn
)
. Namely,
ui = Diu = D∂/∂ziu, uij = D∂/∂zjD∂/∂ziu, uijl = D∂/∂zlD∂/∂zjD∂/∂ziu.
We have the following commutation formula on Hermitian manifolds (see [43] for
more details):
(2.8)
uijℓ = uiℓj − upRℓjip,
upjm = upmj − T qmjupq,
uiqℓ = uℓqi − T pℓiupq,
(2.9) uijℓm = uℓmij + upjRℓmi
p − upmRijℓp − T pℓiupmj − T qmjuℓqi − T piℓT qmjupq.
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We use the notation
(2.10) σpqk =
∂σk(g)
∂gpq
, σpq,rsk =
∂2σk(g)
∂gpq∂grs
, F =
∑
p
σppk .
We also use the following notation as in [26]
(2.11) |DDu|2σω = σpqk ωmℓumpuℓq, |DDu|2σω = σpqk ωmℓupℓumq.
and
(2.12) |η|2σ = σpqk ηpηq,
for any 1-form η.
Now we do some basic calculations which are used in next Section. In the
following, C will be a uniform constant depending on the known data as in Theorem
1.1, but may change from line to line.
Our calculations are carried out at a point z on the manifold M , and we use
coordinates such that at this point ω =
√−1∑ δkℓdzk ∧ dzℓ and gij is diagonal.
Differentiating (2.5) yields
(2.13) σpqk Digpq = Diψ.
Differentiating the equation a second time gives
σpqk DjDigpq + σ
pq,rs
k DjgrsDigpq = DjDiψ
≥− C(1 + |DDu|2 + |DDu|2) +
∑
ℓ
ψvℓuℓij +
∑
ℓ
ψvℓuℓij
≥− C(1 + |DDu|2 + |DDu|2) +
∑
ℓ
ψvℓgijℓ +
∑
ℓ
ψvℓgijℓ − Cλ1.
(2.14)
Direct calculation gives the estimate
σpqk DqDpgij ≥ σpqk DqDpDjDiu− C(1 + λ1)F .(2.15)
Commuting derivatives yields that
(2.16)
DqDpDjDiu = DjDiDqDpu−Rijpauaq +Rpqiauaj
− T apiuaqj − T aqjupai − T aipT bqjuab
= DjDigpq −DjDiχpq −Rijpauaq +Rpqiauaj
− T apiuaqj − T aqjupai − T aipT bqjuab.
Therefore, by (2.14), (2.15), (2.16), we see
(2.17)
σpqk DqDpgij
≥ − σpq,rsk DjgrsDigpq +
∑
ℓ
ψvℓgijℓ +
∑
ℓ
ψvℓgijℓ − σpqk (T apiuaqj
+ T aqjupai)− C(1 + |DDu|2 + |DDu|2 + F + λ1F + λ1).
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Then,
(2.18)
σpqk |Du|2pq
= σpqk
(
umpqD
mu+ umuℓpqω
mℓ
)
+ |DDu|2σω + |DDu|2σω
= σpqk
(
upqm + (T
t
mput)q + utRmqp
t
)
Dmu
+ σpqk umω
mℓ(upqℓ − T tqℓupt) + |DDu|2σω + |DDu|2σω
= σpqk Dm (gpq − χpq)Dmu+ σpqk (T tmp)qutDmu+ σpqk T tmputqDmu
+ σpqk utRmqp
tDmu+ σpqk umω
mℓDℓ (gpq − χpq)
− σpqk umωmℓT tqℓupt + |DDu|2σω + |DDu|2σω.
Using the Cauchy inequality, we have
|σpqk T tmputqDmu| ≤
∑
p,t
σppk
(
1
4
|utp|2 + (Ctp)2
)
≤ 1
4
|DDu|2σω + CF ,
where Ctp = T
t
mpD
mu. Similarly, we have
| − σpqk umωmℓT tqℓupt| ≤
1
4
|DDu|2σω + CF .
Substituting the above two inequalities in (2.18), we get
(2.19)
σpqk |Du|2pq
≥ σpqk DmgpqDmu+ σpqk umDmgpq + |DDu|2σω +
1
2
|DDu|2σω − CF
= Dm(σk)uℓω
mℓ +Dℓ(σk)umω
mℓ + |DDu|2σω +
1
2
|DDu|2σω − CF .
Using the differential equation (2.13), we obtain
(2.20)
σpqk |Du|2pq ≥ 2Re
{∑
p,m
(DpDmuDpu+DpuDpDmu)ψvm
}
− C − CF + |DDu|2σω +
1
2
|DDu|2σω .
We also compute that
(2.21) − σpqk upq = σpqk (χpq − gpq) ≥ εF − kψ.
3. Proof of Theorem 1.1
We denote by λ1, λ2, . . . , λn the eigenvalues of gij = χij + uij with respect to ω.
When k = 1, the equation (1.1) becomes
(3.1) ∆ωu+Trω χ(z, u) = nψ(z,Du, u).
It follows that ∆ωu is bounded, and the desired estimate follows in turn from the
positivity of g. Henceforth, we assume that k ≥ 2.
We apply the maximum principle to the following test function:
(3.2) G = logPm + ϕ(|Du|2) + φ(u),
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where Pm =
∑
j λ
m
j . Here, ϕ and φ are positive functions to be determined later,
which satisfy the following assumptions
(3.3) ϕ′′ − φ′′(ϕ
′
φ′
)2 ≥ 0, ϕ′ > 0, φ′ < 0.
We assume that the maximum of G is achieved at some point p ∈ M . We choose
the coordinate system centered at p such that ω =
√−1∑ δkℓdzk ∧ dzℓ and gij is
diagonal with the ordering λ1 ≥ λ2 ≥ · · · ≥ λn > 0.
Differentiating G , we first obtain the critical equation
(3.4)
DPm
Pm
+ ϕ′D|Du|2 + φ′Du = 0.
Differentiating G a second time, using (2.7) and contracting with σpqk yields
(3.5)
0 ≥ m
Pm
∑
j
λm−1j σ
pp
k DpDpgjj +
mσppk
Pm
(m− 1)
∑
j
λm−2j |Dpgjj |2
+
mσppk
Pm
∑
i6=j
λm−1i − λm−1j
λi − λj |Dpgij |
2 + σppk (φ
′′DpuDpu+ φ
′upp)
+ σppk
(
ϕ′′Dp|Du|2Dp|Du|2 + ϕ′|Du|2pp
)− |DPm|2σ
P 2m
.
Here we used the notation introduced in Section 2.
Using the critical equation (3.4), we obtain
(3.6) DpuDpu ≥ 1
2
|DpPm|2
P 2m(φ
′)2
− (ϕ
′
φ′
)2
∣∣Dp|Du|2∣∣2.
Substituting (2.17), (2.20), (2.21), (3.6) into (3.5),
(3.7)
0 ≥ − C
∑
j λ
m−1
j
Pm
(1 + |DDu|2 + |DDu|2 + (1 + λ1)F + λ1)
+
∑
j λ
m−1
j
Pm
(
− σpq,rsk DjgrsDjgpq +
∑
ℓ
ψvlgjjl +
∑
ℓ
ψvℓgjjℓ
− σppk (T apjuapj + T apjupaj)
)
+
m− 1
Pm
∑
j
λm−2j σ
pp
k |Dpgjj |2
+
1
Pm
σppk
∑
i6=j
λm−1i − λm−1j
λi − λj |Dpgij |
2 −
(
1− φ
′′
2(φ′)2
) |DPm|2σ
mP 2m
+
ϕ′
m
(
|DDu|2σω +
1
2
|DDu|2σω
)
+
(
− φ
′
m
ε− Cϕ
′
m
)
F
+ 2
ϕ′
m
Re
(∑
p,m
(DpDmuDpu+DpuDpDmu)ψvm
)
+ k
φ′
m
ψ − Cϕ
′
m
+
σppk
m
(
ϕ′′ − φ′′ϕ
′2
φ′2
)∣∣∣∣Dp|Du|2
∣∣∣∣
2
.
Here we used ϕ′ > 0 and φ′ < 0 in (3.3).
8 WEISONG DONG AND CHANG LI
From the critical equation (3.4), we have
(3.8) 0 =
m
Pm
∑
j
λm−1j Dℓgjj + ϕ
′Dℓ(upuqω
pq) + φ′Dℓu.
It follows that
(3.9)
0 =
1
Pm
∑
j
λm−1j
∑
ℓ
ψvℓDℓgjj
+
ϕ′
m
∑
ℓ
ψvℓ
∑
p
(upℓup + upupℓ) +
φ′
m
∑
ℓ
uℓψvℓ .
Similarly, we have
(3.10)
0 =
1
Pm
∑
j
λm−1j
∑
ℓ
ψvℓDℓgjj
+
ϕ′
m
∑
ℓ
ψvℓ
∑
p
(upℓup + upupℓ) +
φ′
m
∑
ℓ
uℓψvℓ .
Then we have
(3.11)
1
Pm
∑
j
λm−1j
∑
ℓ
(ψvℓDℓgjj + ψvℓDℓgjj)
+ 2
ϕ′
m
Re
{∑
p,m
(DpDmuDpu+DpuDpDmu)ψvm
}
= − φ
′
m
∑
ℓ
(uℓψvℓ + uℓψvℓ)−
ϕ′
m
Re(
∑
p,k,m
ψvmT
k
pmukup)
≥ Cφ
′
m
− Cϕ
′
m
.
Using (2.7), one can obtain the well-known identity
(3.12) − σpq,rsk DjgpqDjgrs = −σpp,qqk DjgppDjgqq + σpp,qqk |Djgqp|2 ,
where σpp,qqk =
∂
∂λp
∂
∂λq
σk(λ).
We may assume that λ1 ≫ 1. By the assumption ϕ′′ − φ′′(ϕ
′
φ′ )
2 ≥ 0 in (3.3), the
main inequality (3.7) becomes
(3.13)
0 ≥ 1
Pm
∑
j
λm−1j
(
− σpp,qqk DjgppDjgqq + σpp,qqk |Djgqp|2
)
− 2σ
pp
k
Pm
∑
j
λm−1j Re(T
a
pjupaj) +
σppk
Pm
(m− 1)
∑
j
λm−2j |Dpgjj |2
+
σppk
Pm
∑
i6=j
λm−1i − λm−1j
λi − λj |Dpgij |
2 −
(
1− φ
′′
2(φ′)2
) |DPm|2σ
mP 2m
+
ϕ′
m
(
|DDu|2σω +
1
2
|DDu|2σω
)
+
(
− φ
′
m
ε− Cϕ
′
m
− C
)
F
+ C
φ′
m
− Cϕ
′
m
− C − C
λ1
(1 + |DDu|2 + |DDu|2).
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Let
A˜j =
1
Pm
λm−1j
∑
p,q
σpp,qqk DjgppDjgqq, B˜q =
1
Pm
∑
j,p
λm−1j σ
pp,qq
k |Djgqp|2 ,
Cp =
m− 1
Pm
σppk
∑
j
λm−2j
∣∣∣Dpgjj∣∣∣2 , D˜p = σppkPm
∑
j 6=i
λm−1i − λm−1j
λi − λj
∣∣∣Dpgij∣∣∣2 ,
Ei =
m
P 2m
σiik |
∑
p
λm−1p Digpp|2, Hp =
2σppk
Pm
∑
j,a
λm−1j Re(T
a
pjupaj).
Then (3.13) becomes
(3.14)
0 ≥ −
∑
j
A˜j +
∑
q
B˜q +
∑
p
Cp +
∑
p
D˜p −
∑
p
Hp
−
(
1− φ
′′
2 (φ′)2
)∑
i
Ei +
ϕ′
m
(
|DDu|2σω +
1
2
|DDu|2σω
)
+
(
−φ
′
m
ε− Cϕ
′
m
− C
)
F − C
(
− φ
′
m
+
ϕ′
m
+ 1
)
− C
λ1
(
1 + |DDu|2 + |DDu|2) .
We first deal with the torsion term Hp. By (2.8), for any 0 < β < 1, we have
(3.15)
Hp ≤ 2σ
pp
k
Pm
∑
j,a
λm−1j |T apjDpgja|+ Cσppk
≤ σ
pp
k
Pm
∑
j,a
(
βλm−2j |Dpgja|2 +
1
β
λmj |T apj |2
)
+ Cσppk
≤ σ
pp
k
Pm
β
∑
a 6=j
λm−2j |Dpgja|2 +
σppk
Pm
β
∑
j
λm−2j |Dpgjj |2 +
C
β
σppk .
By direct computation, we have
D˜p =
σppk
Pm
∑
j 6=i
m−2∑
s=0
λm−2−si λ
s
j |Dpgij |2 ≥
σppk
Pm
∑
j 6=i
λm−2i |Dpgij |2.(3.16)
Now we see that
(3.17)
−
∑
p
Hp +
∑
p
Cp +
∑
p
D˜p
≥ (1− β)
∑
p
D˜p + (1− β
m− 1)
∑
p
Cp − C
β
F .
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Substituting (3.17) to (3.14) yields
(3.18)
0 ≥ −
∑
j
A˜j +
∑
q
B˜q + (1 − β)
(∑
p
Cp +
∑
p
D˜p
)
−
(
1− φ
′′
2 (φ′)
2
)∑
i
Ei +
ϕ′
m
(
|DDu|2σω +
1
2
|DDu|2σω
)
+
(
−φ
′
m
ε− Cϕ
′
m
− C
β
)
F − C(ϕ′ − φ′ + 1)
− C
λ1
(
1 + |DDu|2 + |DDu|2) .
We need a lemma from [19].
Lemma 3.1 ([19]). Suppose 1 ≤ ℓ < k ≤ n, and let α = 1/(k− ℓ). Let W = (wpq)
be a Hermitian tensor in the Γk cone. Then for any θ > 0,
(3.19)
− σpp,qqk (W )wppiwqqi +
(
1− α+ α
θ
) |Diσk(W )|2
σk(W )
≥ σk(W )(α+ 1− αθ)
∣∣∣∣Diσℓ(W )σℓ(W )
∣∣∣∣
2
− σk
σℓ
(W )σpp,qqℓ (W )wppiwqqi.
Taking ℓ = 1 in the above lemma, we have
−σpp,qqk DigppDigqq +K|Diσk|2 ≥ 0,(3.20)
for K > (1− α+ α/θ)(inf ψ)−1 if 2 ≤ k ≤ n. We shall denote
Aj =
1
Pm
λm−1j
(
K|Djσk|2 − σpp,qqk DjgppDjgqq
)
,
Bq =
1
Pm
∑
p
λm−1p σ
pp,qq
k |Dqgpp|2,
Di =
1
Pm
∑
p6=i
σppk
λm−1p − λm−1i
λp − λi |Digpp|
2.
Define Hjpq = Djχqp −Dqχjp. For any constant 0 < τ < 1, we can estimate∑
q
B˜q ≥ 1
Pm
∑
j,q
λm−1j σ
jj,qq
k |Djgqj |2
=
1
Pm
∑
j,q
λm−1j σ
jj,qq
k |Dqujj − T ajquaj +Dqχjj +Hjjq|2
≥ 1
Pm
∑
q,j
λm−1j σ
jj,qq
k
(
(1− τ)|Dqgjj |2 − (
1
τ
− 1)|Hjjq − T ajquaj |2
)
= (1 − τ)
∑
q
Bq −
1
τ − 1
Pm
∑
q,j
λm−2j
(
σjj,qqk λj
)|Hjjq − T ajquaj|2.
Now we use σl(λ|i) and σl(λ|ij) to denote the l-th elementary function of
(λ|i) = (λ1, . . . , λˆi, . . . , λn) ∈ Rn−1
and
(λ|ij) = (λ1, . . . , λˆi, . . . , λˆj , . . . , λn) ∈ Rn−2
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Then, we have σiik = σk−1(λ|i), σpp,iik = σk−2(λ|pi). By the formula σl(λ) =
σl(λ|p) + λpσl−1(λ|p) for any 1 ≤ p ≤ n, we obtain
1
τPm
∑
q,j
λm−2j
(
σqqk − σk−1(λ|jq)
)|Hjjq − T ajquaj|2 ≤ Cτ F ,
which implies ∑
q
B˜q ≥ (1− τ)
∑
q
Bq − C
τ
F .
Similarly, we may estimate
∑
p
D˜p ≥ 1
Pm
∑
j 6=i
σjjk
λm−1i − λm−1j
λi − λj |Djgij |
2
≥ 1
Pm
∑
j 6=i
σjjk
λm−1i − λm−1j
λi − λj
(
(1− τ)|Digjj |2 −
C
τ
λ21
)
≥ (1− τ)
∑
i
Di − C
τ
F .
Note that
λm−1
j
Pm
|Djσk|2 ≤ Cλ1 (|DDu|2 + |DDu|2). Then (3.18) becomes
(3.21)
0 ≥
∑
i
Ai + (1− τ)
∑
i
Bi + (1− β)
∑
i
Ci
+ (1 − β)(1 − τ)
∑
i
Di −
(
1− φ
′′
2 (φ′)2
)∑
i
Ei
+
ϕ′
m
(
|DDu|2σω +
1
2
|DDu|2σω
)
− C(K)
λ1
(|DDu|2 + |DDu|2)
+
(
−φ
′
m
ε− Cϕ
′
m
− C
β
− C
τ
)
F − C(ϕ′ − φ′ + 1),
when λ1 is sufficiently large. Let 1− δ = (1− β)(1 − τ). We then have
(3.22)
0 ≥ (1− δ)
∑
i
(
Ai +Bi + Ci +Di
)
−
(
1− φ
′′
2 (φ′)
2
)∑
i
Ei
+
ϕ′
m
(
|DDu|2σω +
1
2
|DDu|2σω
)
− C(K)
λ1
(|DDu|2 + |DDu|2)
+
(
−φ
′
m
ε− Cϕ
′
m
− C
β
− C
τ
)
F − C(ϕ′ − φ′ + 1).
Now we choose φ and ϕ to satisfy (3.3). Let ϕ(t) = eNt and φ(s) = eM(−s+L)
where L ≥ |u|C1 + 1 is a constant. Then, we see
ϕ′′ − φ′′ϕ
′2
φ′2
= N2eNt − N
2e2Nt
eM(−s+L)
> 0, ϕ′ > 0, φ′ < 0,
when M ≫ N > 1, which shows the assumption (3.3) is satisfied. Since, at p,
φ′′
2(φ′)2
=
1
2eM(−u(p)+L)
,
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by choosing
β = τ =
1
6eM(−u(p)+L)
,
we obtain that 1 − δ ≥ 1 − φ′′
2(φ′)2
. By the arguments as in [26], we may assume
without loss of generality that
Ai +Bi + Ci +Di − Ei ≥ 0, ∀i = 1, . . . , n.
Since σiik ≥ σ11k ≥ kn σkλ1 ≥ 1Cλ1 for fixed i, we can estimate
|DDu|2σω +
1
2
|DDu|2σω ≥
1
Cλ1
(|DDu|2 + |DDu|2) ≥ 1
Cλ1
|DDu|2 + λ1
C
.
Now (3.22) becomes
(3.23)
0 ≥
( ϕ′
mC
− C(K)
)
λ1 +
1
λ1
( ϕ′
mC
− C(K)
)
|DDu|2
+
(
−φ
′
m
ε− Cϕ
′
m
− C
β
− C
τ
)
F − C(ϕ′ − φ′ + 1).
Taking N large enough, we can ensure that ϕ
′
mC −C(K) > 0. For fixed N , it follows
that
−φ
′
m
ε− Cϕ
′
m
− C
β
− C
τ
=
M
m
εφ− CN
m
ϕ− Cφ > 0
when M ≫ N . This leads to
0 ≥
( ϕ′
mC
− C(K)
)
λ1 − C,
which finally gives an upper bound of λ1.
4. Outline of proof of Theorem 1.3
We can rewrite (1.4) as follows:
(4.1) σk(g˜) = σk
(
χij + uij + aiuj + ajui
)
= ψ(z,Du, u).
By direct calculation and Cauchy inequality, we have
(4.2)
σpqk DqDpg˜ij
≥ − σpq,rsk Dj g˜rsDig˜pq +
∑
ℓ
ψvℓ g˜ijℓ +
∑
ℓ
ψvℓ g˜ijℓ − σpqk (T spiusqj
+ T sqjupsi)− C(1 + |DDu|2 + |DDu|2 + F + λ1F + λ1)
+ σpqk (aiujpq + ajuipq − apuqij − aqupij)− |DDu|2σω − |DDu|2σω.
and
(4.3)
σpqk |Du|2pq ≥ 2Re
{∑
p,m
(DpDmuDpu+DpuDpDmu)ψvm
}
− C − CF + 1
2
|DDu|2σω +
1
2
|DDu|2σω.
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We also have
(4.4)
∣∣∣2σppk
m
Re
{
ap(
DpPm
Pm
+ ϕ′Dp|Du|2)
} ∣∣∣
≤ φ
′′
4φ′2
|DPm|2σ
mP 2m
+
σppk
m
ϕ′
2 φ′′
φ′2
∣∣∣∣Dp|Du|2
∣∣∣∣
2
+ C
φ′2
φ′′
F .
Now we apply the maximum principle to the test function (3.2) bearing in mind
that λ1, λ2, . . . , λn are the eigenvalues of g˜ij = χij + uij + aiuj + ajui with respect
to ω. Instead of the assumptions in (3.3), we now require
(4.5) ϕ′′ − 2φ′′(ϕ
′
φ′
)2 ≥ 0, ϕ′ > 0, φ′ < 0.
With the above calculations, similar to (3.13), we have
(4.6)
0 ≥ 1
Pm
∑
j
λm−1j
(
− σpp,qqk Dj g˜ppDj g˜qq + σpp,qqk |Dj g˜qp|2
)
− 2σ
pp
k
Pm
∑
j
λm−1j Re
(
T spjupsj
)
+
(m− 1)σppk
Pm
∑
j
λm−2j |Dpg˜jj |2
+
σppk
Pm
∑
i6=j
λm−1i − λm−1j
λi − λj |Dpg˜ij |
2 −
(
1− φ
′′
4(φ′)2
) |DPm|2σ
mP 2m
+
( ϕ′
2m
− 1
λ1
)(
|DDu|2σω + |DDu|2σω
)
+ C
φ′
m
− Cϕ
′
m
− C
+
(
− φ
′
m
ε− Cϕ
′
m
− C − Cφ
′2
φ′′
)
F − C
λ1
(|DDu|2 + |DDu|2)
+
σppk
Pm
∑
j
λm−1j
(
ajujpp + ajujpp − apupjj − apupjj
)
,
where we used ϕ′′ − 2φ′′ ϕ′2φ′2 ≥ 0 in (4.5) and λ1 ≫ 1.
We use the same notation for third order terms as in Section 3. Denote
Ip =
σppk
Pm
∑
j
λm−1j
(
ajujpp + ajujpp − apupjj − apupjj
)
.
For any 0 < β < 1, we can estimate
Ip ≤ β
4
σppk
Pm
∑
j
λm−2j
(
|Dpg˜jp|2 + |Dpg˜jj |2
)
+
C
β
σppk +
C
λ1
σppk
∑
j
|ujp|2
≤ β
2
σppk
Pm
∑
j,s
λm−2j |Dpg˜js|2 +
C
β
σppk +
C
λ1
σppk
∑
j
|ujp|2
and
Hp ≤ 2σ
pp
k
Pm
∑
j,s
λm−1j |T spjDpg˜js|+ Cσppk +
C
λ1
σppk
∑
j
|ujp|2
≤ β
2
σppk
Pm
∑
j,s
λm−2j |Dpg˜js|2 +
C
β
σppk +
C
λ1
σppk
∑
j
|ujp|2.
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Now we have
−
∑
p
Hp −
∑
p
Ip +
∑
p
Cp +
∑
p
D˜p
≥ (1− β)
∑
p
D˜p + (1− β)
∑
p
Cp − C
β
F − C
λ1
|DDu|2σω ,
Define H ′jqp = Dj(χpq + apuq + aqup)−Dp(χjq + ajuq + aquj). Note that |H ′jjq| ≤
C + Cλ1. For any 0 < τ < 1, we can estimate∑
q
B˜q +
∑
p
D˜p ≥ (1− τ)
(∑
q
Bq +
∑
i
Di
)
− C
τ
F .
Let 1− δ = (1− β)(1 − τ). Similar to (3.22), when Cλ1 ≤
ϕ′
4m , we obtain
(4.7)
0 ≥ (1− δ)
∑
i
(
Ai +Bi + Ci +Di
)
−
(
1− φ
′′
4 (φ′)
2
)∑
i
Ei
+
ϕ′
4m
(|DDu|2σω + |DDu|2σω)− C(K)λ1
(|DDu|2 + |DDu|2)
+
(
−φ
′
m
ε− Cϕ
′
m
− C
β
− C
τ
− Cφ
′2
φ′′
)
F − C(ϕ′ − φ′ + 1).
Still choose φ and ϕ as before and (4.5) is guaranteed by M ≫ N . If we choose
β = τ = φ
′′
12(φ′)2 , we get 1 − δ ≥ 1 − φ
′′
4(φ′)2
. Now the proof is the same as that of
Theorem 1.1.
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